Introduction {#Sec1}
============

The evolution of lipid bilayer membranes is driven by the bending energy, which involves the curvature of the membrane, and hydrodynamics. Lipid membranes typically form vesicles, i.e. bag-like structures containing fluid, which are surrounded by a possibly different fluid. The omnipresence of membranes in biological systems has led to a growing interest in vesicles over the past decades. Much of the work on vesicles was motivated by the fact that their shape at rest resembles the biconcave forms of red blood cells. It is the goal of this paper to introduce, and analyze, a finite element method of a model for the evolution of lipid membranes, which was introduced by Arroyo and DeSimone \[[@CR2]\].

Their model couples a tangential Navier--Stokes system on the membrane to a bulk Navier--Stokes system. On the membrane, forces stemming from a first variation of the curvature energy appear. In this paper, we introduce a finite element method discretizing the bulk and surface degrees of freedoms independently, which leads to an unfitted approximation of the two-phase flow problem. The forces resulting from the elastic membrane energy are discretized using an approach that was introduced by Dziuk \[[@CR18]\] for Willmore flow. The two Navier--Stokes systems are coupled and subsequently discretized with the help of a suitable variational formulation, which allows us to show a stability bound for the discretization of the underlying complex free boundary problem. It will turn out that the surface finite element mesh has good mesh properties also for strongly deforming membrane evolutions. This fact results from a suitable discrete local incompressibility condition on the surface, which we will also analyse. Before we state the governing equations and the numerical method in more detail, we discuss the physical background and review approaches used by other authors to numerically solve similar problems.
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                \begin{document}$${\varGamma }$$\end{document}$ encloses a fixed volume. The latter is due to the fact that the osmotic conditions of the fluids surrounding the membrane lead to a fixed volume. Furthermore, the vesicle can be considered as locally incompressible, which leads to a fixed total surface area. For a deeper physical discussion of these conditions we refer to the overview article \[[@CR39]\], where also other aspects of fluidic membranes and vesicles are thoroughly discussed.
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Interfacial fluid mechanics was first thoroughly discussed by Scriven \[[@CR38]\], generalizing earlier ideas of Boussinesq. In this context the surface stress tensor was first introduced, and is hence called the Boussinesq--Scriven tensor. In addition, $\documentclass[12pt]{minimal}
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In recent years, many papers have appeared which numerically approximate the $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }$$\end{document}$. This geometric evolution equation is called Willmore flow, and we refer to \[[@CR6], [@CR7], [@CR14], [@CR15], [@CR17], [@CR18], [@CR22], [@CR29]\] for different computational approaches to Willmore flow. Since the enclosed volume and the total surface area are preserved for lipid membranes, the volume and area preserving variant of ([1.2](#Equ2){ref-type=""}), which is called Helfrich flow, is of particular interest. Helfrich flow has been considered numerically in e.g. \[[@CR6], [@CR12]\]. Other authors included additional physical effects in the geometrical model, such as lateral inhomogeneity and line tension effects, see \[[@CR20], [@CR31]\]. In \[[@CR13]\] a fluid-membrane system, in which forces resulting from the Willmore energy act on an interior flow, is considered. In that model surface area is maintained with the help of a global Lagrange multiplier.

As pointed out above, the membrane is locally incompressible and hence the condition $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla _{\mathrm{s}}\,.\,{\vec {u}} = 0$$\end{document}$ should be enforced on the flow. This condition has been dealt with in numerical simulations in \[[@CR27], [@CR35], [@CR36]\] within a level set context, in \[[@CR1], [@CR24]\] with the help of a phase field approach and in \[[@CR23]\] by using an immersed boundary method. In these approaches the local incompressibility constraint on the membrane is enforced by a Lagrange multiplier leading to an inhomogeneous surface pressure. However, in the computations in the latter paper the constraint is relaxed by a spring-like elastic force. In addition, there exists work on the surface Stokes system without taking the bulk fluid flow into account. There the volume conservation is enforced by a global Lagrange multiplier. We refer to \[[@CR33], [@CR34]\] for numerical results using this modelling variant. The only numerical work taking simultaneously surface and bulk viscosity effects in the fluidic membrane evolution into account is \[[@CR3]\]. However, these results are restricted to the axisymmetric situation. In addition, their numerical method cannot be shown to be stable, as is the case for all of the above numerical methods.

We also refer to numerical work in \[[@CR21], [@CR26], [@CR30], [@CR40]\] on the evolution of red blood cells, which study the influence of the elastic effects resulting from the cytoskeleton on the membrane evolution. Finally, we mention that analytical well-posedness issues for the model considered in this paper are currently being addressed in \[[@CR25], [@CR28]\].

Building on earlier work by the present authors on two-phase flow and by Dziuk \[[@CR18]\] on Willmore flow, it is the main goal of this paper to introduce and analyze a numerical method for the full membrane evolution problem. Our numerical approach has the following features:The bulk and surface degrees of freedom are discretized with standard bulk and surface finite elements leading to an unfitted finite element method.The effects of the bulk fluid and of the fluidic membrane are taken into account simultaneously. In particular, surface viscous effects are accounted for through the Boussinesq--Scriven law.Local volume and local membrane area conservation result naturally from the volume and surface incompressibility conditions. Local area conservation can be shown for a continuous-in-time semidiscrete variant of our proposed scheme. In addition, for a simple modification of our scheme, which can be interpreted as a virtual element method, see e.g. \[[@CR41]\], volume conservation properties can also be shown.Elastic forcing from the curvature energy $\documentclass[12pt]{minimal}
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                \begin{document}$$E({\varGamma })$$\end{document}$ is taken into account, and this is discretized with the help of a weak formulation due to \[[@CR18]\].Stability of a semidiscrete version can be shown. To our knowledge, this is the first stability result in the literature for a numerical approximation of the dynamics of fluidic membranes.The interface is advected with the help of the fluid velocity. In other fluid flow problems with a free boundary this typically leads to distortions of the parametric surface mesh, see the discussion in \[[@CR4]\]. However, in our case the local surface area conservation $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla _{\mathrm{s}}\,.\,{\vec {u}} = 0$$\end{document}$ guarantees that the surface mesh quality remains good during the evolution, see Remark [4.1](#FPar3){ref-type="sec"} and the numerical simulations in Sect. [7](#Sec7){ref-type="sec"}. We also refer to \[[@CR32]\], where a strategy for the tangential redistribution of mesh points by conserving the relative surface area during the evolution was designed.Fully three dimensional simulations, without making any symmetry assumptions, have been performed, and to the knowledge of the authors this paper presents the first such numerical computations for the full fluidic membrane problem, i.e. taking the bulk viscosity, the surface viscosity and the local incompressibility of the bulk and surface fluid into account.The outline of the paper is as follows. After introducing the governing equations in Sect. [2](#Sec2){ref-type="sec"}, we present a weak formulation in Sect. [3](#Sec3){ref-type="sec"}. This weak formulation is the basis for our semidiscrete and fully discrete finite element approximations, which are formulated and analyzed in Sects. [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"}. After stating the solutions methods in Sect. [6](#Sec6){ref-type="sec"}, we present numerical simulations in Sect. [7](#Sec7){ref-type="sec"}.

Governing equations {#Sec2}
===================

In this section we state the equations governing the evolution of fluidic membranes, as introduced in \[[@CR2]\]. Let $\documentclass[12pt]{minimal}
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Weak formulation {#Sec3}
================

Before introducing our finite element approximation, we will state an appropriate weak formulation. With this in mind, we introduce the following function spaces for a given $\documentclass[12pt]{minimal}
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The most natural weak formulation of the system ([2.2a](#Equ4){ref-type=""}--d), ([2.3](#Equ8){ref-type=""}), ([2.4a](#Equ9){ref-type=""}--d), ([2.5](#Equ13){ref-type=""}) uses the fluidic tangential velocity for the evolution of $\documentclass[12pt]{minimal}
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Semidiscrete finite element approximation {#Sec4}
=========================================
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For the numerical approximation of the evolution of fluidic membranes it is desirable to maintain the surface area of the interface, recall ([3.11](#Equ38){ref-type=""}), as well as the volume of the two phases, recall ([3.12](#Equ39){ref-type=""}). In \[[@CR8], [@CR11]\] the present authors augmented the pressure space by the characteristic function of the inner phase in order to obtain discretizations that maintain the volume of the two phases. This enrichment of the pressure space is an example of an XFEM approach, and we refer to this particular approach as XFEM$\documentclass[12pt]{minimal}
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The parametric finite element spaces in order to approximate e.g. $\documentclass[12pt]{minimal}
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In the following theorem we derive discrete analogues of ([3.10](#Equ37){ref-type=""}) and ([3.11](#Equ38){ref-type=""}) for the scheme ([4.9a](#Equ50){ref-type=""}--f).

**Theorem 4.1** {#FPar1}
---------------
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*Remark 4.1* {#FPar3}
------------
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*Remark 4.2* {#FPar4}
------------
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*Proof* {#FPar6}
-------

The proofs for ([4.10](#Equ56){ref-type=""}) and ([4.12](#Equ58){ref-type=""}) are analogous to the proofs in Theorem [4.1](#FPar1){ref-type="sec"}. In order to prove ([4.20](#Equ67){ref-type=""}) we choose $\documentclass[12pt]{minimal}
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Fully discrete finite element approximation {#Sec5}
===========================================

In this section we consider a fully discrete variant of the scheme ([4.19a](#Equ65){ref-type=""}, b), ([4.9c](#Equ52){ref-type=""}--f) from §[4](#Sec4){ref-type="sec"}. Here we will choose the time discretization such that existence and uniqueness of the discrete solutions can be guaranteed, and such that we inherit as much of the structure of the stable schemes in \[[@CR8], [@CR11]\] as possible, see below for details.
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*Proof* {#FPar8}
-------
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*Remark 5.1* {#FPar9}
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*Remark 5.2* {#FPar10}
------------

The scheme ([5.3a](#Equ72){ref-type=""}--f) clearly leads to a coupled system of linear equations. On replacing $\documentclass[12pt]{minimal}
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                \begin{document}$$({\vec {X}}^{m+1}, {\vec {\kappa }}^{m+1}, {\vec {F}}_{\varGamma }^{m+1})$$\end{document}$. Of course, the subsystem ([5.3d](#Equ75){ref-type=""}--f) itself decouples into three equations for the three unknowns. While the decoupled system offers the advantage of being easier to solve, we found in practice that the coupled scheme ([5.3a](#Equ72){ref-type=""}--f) preserved the surface area better than the decoupled scheme. An additional drawback of the decoupled scheme is that it is less stable and so in general needs smaller time steps than the coupled scheme ([5.3a](#Equ72){ref-type=""}--f). The latter fact can partly be explained with the following observation.
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Solution methods {#Sec6}
================

As is standard practice for the solution of linear systems arising from discretizations of Stokes and Navier--Stokes equations, we avoid the complications of the constrained pressure space $\documentclass[12pt]{minimal}
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The only new term compared to previous works by the authors on two-phase flows, see \[[@CR10], [@CR11]\], is $\documentclass[12pt]{minimal}
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In order to provide a matrix-vector formulation for the full system ([5.3a](#Equ72){ref-type=""}--f), and in particular in view of ([5.3f](#Equ77){ref-type=""}), we recall from \[[@CR18], p. 64\] thatMoreover, we observe that $\documentclass[12pt]{minimal}
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Denoting the system matrix in ([6.1](#Equ86){ref-type=""}) as $\documentclass[12pt]{minimal}
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Numerical results {#Sec7}
=================
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At times we will discuss the discrete energy of the numerical solutions. On recalling Theorem [4.1](#FPar1){ref-type="sec"} the discrete energy is defined by$$\documentclass[12pt]{minimal}
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Numerical simulations in 2D {#Sec8}
---------------------------

For all our two-dimensional simulations we choose the discretization parameters $\documentclass[12pt]{minimal}
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Numerical simulations in 3D {#Sec9}
---------------------------
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The numerical simulation of a vesicle flowing through a constriction can be seen in Fig. [9](#Fig9){ref-type="fig"}. Here we choose the initial shape of the interface to be a biconcave surface resembling a human red blood cell, with a reduced volume of $\documentclass[12pt]{minimal}
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Similarly to in Fig. [5](#Fig5){ref-type="fig"}, we consider the transport of a scalar field $\documentclass[12pt]{minimal}
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We also show the final surface pressure $\documentclass[12pt]{minimal}
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